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Fig. 1. We present a computational approach to explore the design space of rigid-deployable Kirigami sheets defined over isohedral tilings. Top: Two examples
of pentagonal tilings exhibiting large tile rotations and translations during deployment. Bottom: Corresponding 3D-printed prototypes showing similar

deployment behavior.

Rigid-deployable Kirigami sheets are unique mechanical structures, enabling
extreme expansion with minimal elastic deformation. Furthermore, they
unfold in fluid and coordinated motions which reveal interesting geometric
patterns. Thanks to their tunable expansion behaviour, Kirigami-like struc-
tures have found a wide range of applications at various scales. However,
finding the right geometry for a given application remains a significant chal-
lenge due to the complex relationship between cut patterns and deployment
behavior. In this work, we introduce a computational approach to explore
the design space of rigid-deployable Kirigami sheets defined over isohedral
tilings, a class of periodic patterns constructed from identical polygonal tiles.
Our method explores the mixed discrete-continuous design space formed
by joint topologies and tile shape parameters. Leveraging tools from link-
age analysis, we identify self-deployable designs with a single kinematic
degree of freedom. To compute the corresponding deployment motions,
we extend the concept of nonlinear compliant modes to the multi-body
setting, incorporating collision handling to ensure feasible designs. Our
approach enables the discovery of diverse isohedral Kirigami sheets with
varying topologies, tile shapes, and expansion behavior. We showcase our
results through an interactive material browser and validate selected designs

Authors’ addresses: Guo Han, ETH Ziirich, Ziirich, Switzerland, guohan@student.ethz.
ch; Juan Sebastian Montes Maestre, ETH Ziirich, Ziirich, Switzerland, juansebastian.
montesmaestre@inf.ethz.ch; Logan Numerow, ETH Zirich, Zirich, Switzerland,
logan.numerow@inf.ethz.ch; Ronan Hinchet, ETH Ziirich, Ziirich, Switzerland, ronan.
hinchet@srl.ethz.ch; Stelian Coros, ETH Ziirich, Ziirich, Switzerland, scoros@inf.ethz.
ch; Bernhard Thomaszewski, ETH Ziirich, Ziirich, Switzerland, bthomasz@inf.ethz.ch.

This work is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivatives 4.0 International License.

with 3D-printed prototypes. Code and data for this paper are available at
https://github.com/guo-han/Isogami.

CCS Concepts: « Computing methodologies — Physical simulation;
Shape modeling.

1 INTRODUCTION

Through strategic placement of cuts, the ancient art of Kirigami can
transform an otherwise inextensible sheet into a highly compliant
mechanism. Rigid-deployable Kirigami sheets use nearly complete
cuts, leaving only hinge-like connections between neighboring el-
ements (see Fig. 1). Coordinated translation and rotation of their
elements enables these rigid-deployable sheets to achieve very large
expansion ratios with virtually no elastic deformation.

Thanks to their tunable expansion behavior, Kirigami materials
find applications in many fields and across a wide range of scales,
including healthcare [Gao et al. 2018], robotics [Jin et al. 2020a], ar-
chitecture [Yin et al. 2023], and aerospace engineering [Lamoureux
et al. 2015]. Despite the 3D nature of these applications, they fre-
quently rely on 2D expansion under metric frustration. Our work
focuses on this foundational mechanism, providing computational
tools and insights into this core behavior. Nevertheless, finding
the right Kirigami pattern for the target mechanical behaviour is
challenging and laborious. The motion of the elements during de-
ployment is nonlinear and the relationship between cut layout and
expansion behavior is highly nontrivial.
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In this work, we propose a new computational approach for ex-
ploring design spaces of periodic rigid-deployable Kirigami sheets.
We focus on the class of isohedral tilings; identical polygonal tiles
rotated and translated to form regular periodic patterns. The result-
ing IsoGamiheets are de ned through a set of discrete variables
indicating the connections between tiles and continuous param-
eters de ning the tile shapes. The design of Kirigami sheets over
isohedral tilings is therefore a mixed discrete-continuous optimiza-
tion problem.

We address this problem with an approach that sequentially

explores discrete topology and continuous tile shape parameters.

Modeling IsoGami sheets as rigid multi-body systems allows us to
leverage tools from linkage theory, including kinematic mobility,
for design analysis. In particular, we propose new characterization
tools based on the eigenstructure of the constraint Hessiaa (
the Hessian of the penalty energy for the joint constraints). Rigid
deployability implies the existence of at least one nontrivial zero
eigenvalue. We focus oself-deployablsheets for which there is
exactly one e ective zero eigenvalue, with the corresponding eigen-
vector indicating a rst-order feasible direction for deployment. To
compute the full deployment trajectory from this initial direction,
we extend the concept of nonlinear compliant modes [Duenser et al
2022] to the setting of multi-body linkages. For the simulation of
periodic Kirigami sheets, we use a novel formulation that permits ar-
bitrary unit cell shapes, consisting of any number of tiles and joints
including joints across unit cell boundaries. By integrating colli-
sion handling into our simulation, we are able to discard rst-order
feasible designs that immediately lock due to inter-tile contact.

To accelerate topology exploration, we further propose a hierar-
chical Itering scheme that combines feasibility checks of increasing
complexity. In this way, we quickly rule out invalid designs and
focus computation e orts on promising candidates.

Taken together, these tools enable us to automatically explore the

2015] and voxel-like materials [Schumacher et2015], to multi-
layer stacks [Bickel et aR010] and 2D structured sheet materials
[Martinez et al 2019; Schumacher et 2018a; Tozoni et a020;
Zhang et al. 2023].

Kirigami Materials.Kirigami, the ancient Japanese art of paper
cutting, has emerged as a promising alternative for designing me-
chanical metamaterials [Czajkowski et.&022; Rafsanjani and
Pasini 2016; Tang et.&017; Zhai et aR021]. A central challenge
in this context is the design of cut layouts that lead to desired ex-
pansion behaviors. However, existing work focusing on geometry
optimization relies on xed topologies frameworks, such as quad-
based patterns with prede ned 4-bar connections. [Choi et2021;
Dudte et al 2023]. While free-form optimization o ers more exibil-
ity [Du et al. 2024], it lacks the structural regularity of tiling-based
designs. We turn instead to isohedral tilings, exploring the vast
possibilities for joint topology and tile geometry that this speci c
space provides. Beyond metamaterials, Kirigami techniques have
been explored for many applications, including in atable structures
[Jin et al 2020b] and custom curved surfaces [Jiang e28P0, 2022;
Konakovi¢-Lukovi¢ et aR018; Segall et £2025]. Arguably closest to
our approach is the work by Liu et a[2021], who explore Kirigami
sheets de ned over the so-called wallpaper group a classi cation of
two-dimensional repeating patterns into 17 categories. Our method
explores Kirigami sheets de ned over the space of isohedral tilings,
which includes 93 families [Grunbaum and Shephard 1989; Kaplan
2009]. Unlike this work, we prescribe a method for exhaustive explo-
ration of connection topologies and tile shapes within each family,
and consider the impact of contact on deployment motion.

Mechanism Desigmiesigning functional mechanical assemblies
is a challenging task that demands signi cant expertise, experience,
and engineering knowledge. The graphics community has developed
various computational tools to make this process accessible to a

design space of isohedral kirigami sheets. We showcase the resulting oo der audience. For instance, one stream of works targets the

designs in an interactive HTML material browser included as sup-
plementary material. This interface enables organization of designs
according to various criteria, including shape and family parameters
as well as di erent measures of expansion behavior. We further-
more provide animations of nonlinear deployment trajectories for
all designs, along with corresponding expansion plots.

We demonstrate the diversity of IsoGami sheets by discussing a

selection of designs with various topologies, tile shapes, and expan-

sion behaviors. Finally, we validate the functionality of a subset of
these designs with 3D-printed prototypes.

2 RELATED WORK
Mechanical Metamaterialdetamaterials with strategically de-

signed microstructures can produce a vast range of macromechani-

cal properties [Bertoldi et a017]. A prominent example is auxetic-
ity, which has been identi ed through either geometric intuition
or systematic searches of vast tessellation families [Mitschke et al
2011]. As a real-world version of texture synthesis, the problem of
designing microstructures has attracted attention from the visual
computing community. The spectrum of materials is very large,
ranging from 3D lattice- [Martinez et aR016, 2017; Panetta et al

synthesis of 3D-printable mechanisms that replicate the motions
of virtual characters [Ceylan et a013; Coros et a2013; Megaro
et al. 2014; Zhu et al2012]. Prior research showed that the mobility
of mechanisms can be identi ed through zero singular values in the
constraint Jacobian matrix [Erdman et.&001]. Building on this
concept, we develop a mobility analysis scheme for periodic kirigami
mechanisms that allows us to Iter out over- and under-constrained
designs.

Eigenmodes in Analysis & Desidwechanical design tasks of-
ten involve the solution of generalized eigenvalue problems. In
computer graphics, this approach has found various applications,
including the design of metallophones that produce speci ¢ sounds
[Bharaj et al 2015; Musialski et aR016; Umetani et a2010], en-
abling coarse-level simulations [Chen et aD17, 2019], and creating
di erential geometry operators [Chen et aR020; Liu et al2019]
that retain desired spectral properties. Eigenvalue-based methods
have also been used to design mechanical assemblies that are ro-
bust against perturbations [Liu et aP022b; Thomaszewski et.al
2014], 3D-printed artefacts with optimized structural performance
[Schumacher et al018b; Zehnder et a2016; Zhou et al2013],
and bi-material distributions in the form of stripe patterns [Montes



et al. 2023]. As a common aspect of all these methods, the eigen-
structure is only valid around the con guration for which it has
been computed. While this limitation is acceptable if displacements
remain small, it becomes a severe limitation when designing for
large motions. By extending linear modes to the nite-deformation
setting, nonlinear compliant modes o er an attractive solution to
this problem [Duenser et aR022; Tang et aR024; Wang et aR024].

In essence, this approach minimizes the elastic energy of a mechani-
cal system subject to a modal coordinate constraint, which is de ned
as the projection of the system's displacement onto the correspond-
ing eigenvector. We extend this concept to the multi-body setting
and propose a new algorithm that updates eigenvectors along the
deployment trajectory for increased robustness.

3 METHOD
3.1 Kinematic Kirigami Model

We represent Kirigami sheets as 2D assemblies of rigid tiles con-
nected through pin joints. Each tilég carries three degrees of free-
domag = 1pg\g° consisting of a rigid translatiorpg = 1G~g° and
an in-plane rotation angl&ég. The world-space coordinates of a point
sin tile coordinates are given by

xtges® = R\ g°s, pg’ (1)

Connection Constrainté. pin joint is modeled as a constraint

that two points, one on each neighboring tile, should coincide in
space:

)

Kinematically admissible con gurations must satisfy all constraints,
i.e.,cloP = 0, whereclgP 2 RE stacks the constraints for all joint
connections. We enforce these conditions by minimizing a penalty
function,

8dUpdes *s°=x1ggs ©  Xiqes® =0’

1
joints*a° = 5t clP s €)
which attains its global minimum of zero when all constraints are
satis ed.

Unit Cell & PeriodicityTo analyze the macroscopic deployment
behavior of our periodic Kirigami sheets, we consideurit cell of
tiles as illustrated in Fig. 2. The unit cell is chosen such that it can be
tiled to Il the full plane (in the closed state) using only translations.
These translations are de ned by two tiling vectorsandw; a tile
at positionpis replicated top, : pu, : gw for all integer: p and: .
Note that the unit cell is not necessarily the minimal tileable unit
cell, as larger unit cells permit more complex connection topologies.
Joints can be placed between tiles in the same unit cell, as well as
between neighboring unit cells. During deployment simulation, the
full con guration of the system is given byy = »qoeqa* " " "€=2uew¥4
consisting of the tile posegg and the tiling vectorau andw.

Contact.For collision handling, we include the central unit cell as
well as its one-ring neighbors,e.,:p*:g 2 f 1:0-1g. We prevent
overlap using log-barrier penalties on vertex-edge distances similar
to [Ferguson et al2021]. The sum of these penalties is denoteg.
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Fig. 2. Anisohedral Kirigami pa ern with a four-tile unit cell, in the fully
closed statelé ) and an opened stateright). One tile and its duplicates
in neighboring unit cells are colored darker to be er illustrate the pa ern.
Tiling vectors are drawn and labeled in blue. Additionally, a complete unit
cell of joints are marked in blue on the opened state; other joints visible
in the frame can be obtained by translating one of these along the tiling
vectors.

3.2 Deployment Simulation

Kinematic Mobility.Our goal is to discover rigid-deployable
Kirigami sheets with exactly one kinematic degree of freedom. This
degree of freedom corresponds to a coordinated motion of all tiles
such that pin joint constraints remain satis ed. To satisfy pin joint
constraints to rst order, the motion directiorv must be orthogonal
to all constraint gradients, i.e.,

nml qD

Jv= v=0e (4)
whereJis the constraint Jacobian, which is generally a non-square
matrix. To compute vectors satisfying the above orthogonality con-
dition, we can use singular value decomposition. Equivalently, we
perform an eigenvalue decomposition Bf= J J, which coincides
with the Hessian of the constraint energy (3).

Before computing eigenvalues, we prevent rigid transformations
by xing the degrees of freedom for one tile through variable elimi-
nation. The number of remaining zero eigenvalueg-bfjives the
kinematic mobility of the Kirigami sheet. We are only interested
in designs that have exactly one zero eigenvalue, corresponding to
self-deployable Kirigami sheets. The corresponding eigenvector
indicates a rst-order feasible motion for the mechanism. However,
due to the nonlinearity of the constraints, simply updating the state
along this direction agj!C, C =qg'C, v!C Cwill violate joint
constraints and introduce intersections. We next explain how to
robustly compute nonlinear deployment trajectories.

Nonlinear Rigid Mode#n the continuous setting, the trajectory
of a rigid-deployable structure can be described by a constrained
ODE,

giC=viC- (5)
B"C”ctqlC° =0+ qi0°=q e (6)
HIQICVIC = 0s VIC) VIC =1 )

Unlike conventional ODEs, the above expression corresponds to a
set of di erential-algebraic equations (DAESs), which are notoriously
di cult to solve. To avoid this complexity, we propose a discrete time
stepping scheme that robustly computes deployment trajectories
by solving sequences of unconstrained minimization problems.
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