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Fig. 1. Computational and physical exploration of periodic origami materials reveals a wide spectrum of effective material properties. The polar plots indicate
orientation-dependent bending stiffness computed with our novel homogenization approach. The physical prototypes have been manually folded from
plastified paper along crease curves pre-scored with a laser cutter.

We present a computational framework for numerical homogenization of
origami materials—thin sheets structured with periodic crease patterns
that, once folded, exhibit diverse and often unusual mechanical properties.
Whereas the in-plane stiffness of conventional sheet materials is typically
orders of magnitude larger than their resistance to bending, origami-based
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folding introduces geometric structure that can drastically reshape both
bending and stretching behavior. However, predicting how a particular
crease pattern gives rise to effective macroscopic properties remains chal-
lenging due to the complex coupling of crease geometry, folding kinemat-
ics, and surface deformations. In this work, we introduce a computational
framework that integrates simulation-based folding and numerical homog-
enization to explore the relationship between crease pattern and effective
material behavior. To describe the macromechanical response of origami
materials, we employ a quadratic energy model based on Classical Laminate
Theory, together with a simplified treatment of crease plasticity. Our uni-
fied representation accommodates both straight- and curved-crease designs,
revealing a rich space of origami materials with diverse behavior. In par-
ticular, we examine how pattern symmetry governs material symmetries,
demonstrating examples that span the full spectrum from perfectly isotropic
to highly anisotropic membrane and bending responses. Our framework
further enables controlled exploration of parameter variations, illustrating
how geometric features such as crease curvature shape macroscopic mechan-
ical behavior. We showcase the potential of this approach through a broad
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set of examples, ranging from canonical straight-crease patterns such as
Miura-ori to complex curved-crease tessellations. While a quantitative analy-
sis is left for future work, we validate our homogenized descriptions against
native-scale simulations and qualitatively compare deformation behaviors
with real-world prototypes.
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1 Introduction
Understanding how geometric structure shapes the mechanical
response of thin sheets is a central problem in engineering, archi-
tecture, and material science. Thin materials such as paper, metal
foils, or polymer �lms typically exhibit high resistance to in-plane
stretching while o�ering comparatively little resistance to bending.
Modifying this imbalance without increasing material thickness or
weight is a longstanding challenge.

Origami-inspired patterning o�ers a geometric avenue for enrich-
ing the mechanical behavior of thin sheets. By introducing periodic
crease networks into an initially �at surface, origami tessellations
give rise to folded con�gurations with complex three-dimensional
geometry. These folded structures can exhibit macromechanical
responses that di�er fundamentally from those of �at sheets, includ-
ing strong variation in directional sti�ness and coupling between
bending and stretching. As a result, origami materials have attracted
growing interest across disciplines ranging from mechanical meta-
materials to deployable structures and architectural engineering
[Islam et al. 2025; Li et al. 2019; Meloni et al. 2021].

Nevertheless, establishing a clear and systematic relationship
between an origami crease pattern and the resulting e�ective me-
chanical behavior remains a signi�cant challenge. The folded con-
�guration of an origami sheet is the result of a complex interplay
between crease geometry, folding kinematics, and the thin-shell
mechanics of the underlying material. These factors interact in
nontrivial ways, making it di�cult to predict macroscopic behav-
ior from crease pattern alone�in particular when moving beyond
classical straight-crease patterns, where the folded surface remains
piecewise planar, to curved-crease tessellations that lead to more
general piecewise developable surfaces.

In this work, we present a computational framework for analyzing
origami materials through the lens of numerical homogenization. To
this end, we propose a novel folding algorithm that, building upon
the concept of strain-space modes [Tang et al. 2024], introduces
crease modesto achieve energetically-optimal folded states with
low membrane strains and no spurious face bending. To describe
the macromechanical response of these folded con�gurations, we
propose an e�cient homogenization approach that uses a quadratic
energy model based on Classical Laminate Theory, enabling separate
modeling of membrane and bending sti�ness as well as explicit
coupling between them.

A key feature of our approach is a uni�ed treatment of both
straight- and curved-crease designs. While previous studies have

primarily focused on straight-crease patterns, curved creases con-
siderably expand the geometric and mechanical vocabulary, intro-
ducing smoothly varying surface curvature and richer coupling
between bending and in-plane deformation. Supporting both pat-
tern classes within a single pipeline enables comparative analysis
across a broad family of origami materials.

Using this framework, we investigate how symmetries in the
crease pattern in�uence symmetries of the homogenized material
response, revealing behaviors that range from perfectly isotropic to
strongly anisotropic in both membrane and bending regimes. We fur-
ther explore how continuous parameter variations�such as changes
in crease curvature�a�ect macroscopic sti�ness and deformation
behavior. We demonstrate the capabilities of our approach through
an extensive set of examples, spanning well-known straight-crease
tessellations such as Miura-ori as well as families of curved-crease
designs. Our homogenized models are validated against native-scale
simulations, and we qualitatively compare predicted deformations
with fabricated physical prototypes. We leave a quantitative analysis
for future work.

Our source code and folding patterns are available at https://
github.com/mingj1125/homogenizationorigami.

2 Related Work
Programmable Materials.With the widespread availability of

3D-printing technology, the analysis and design of metamaterials,
whose tailored microstructures enable a broad range of macrome-
chanical properties [Bertoldi et al. 2017], has become an active area
of research in visual computing [Bickel et al. 2010]. While the ini-
tial focus was on three-dimensional materials [Martínez et al. 2016,
2017; Panetta et al. 2015; Schumacher et al. 2015], two-dimensional
metasheets with programmable mechanical properties have recently
seen increasing interest [Li et al. 2023; Martínez et al. 2019; Schu-
macher et al. 2018; Tozoni et al. 2020; Zhang et al. 2023]. Rather
than just a simpler version of their 3D counterparts, the ability
of metasheets to bend out of plane adds opportunities for control
but also extra complexity. While some works deliberately separate
stretching and bending responses [Montes Maestre et al. 2024; Schu-
macher et al. 2018; Tang et al. 2023], others account for coupling
to a limited extent [Feng et al. 2024; Sperl et al. 2020]. For Origami
plates, the interplay between membrane and bending deformations
is a central characteristic and our method is able to capture the full
coupling behavior.

Deployable Surfaces.Physical surfaces that deploy from a �at
state to curved con�gurations have many applications. For exam-
ple, through local control of pattern parameters, auxetic surfaces
combine large expansion and double-curvature shapes [Konakovi¢
et al. 2016; Konakovi¢-Lukovi¢ et al. 2018]. Strategic placement of
3D-printed reinforcements onto pre-stretched membranes enables
self-actuating surfaces that deploy into desired equilibrium shapes
[Guseinov et al. 2017; Jourdan et al. 2022; Pérez et al. 2017]. An-
other line of work investigates the design of pneumatic surfaces
that, through carefully designed tubes and channels, in�ate into
desired target shapes [He et al. 2025; Panetta et al. 2021; Ren et al.
2024]. As a common aspect between these works, evaluating the
shape or performance of the deployed surfaces requires simulation,
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i.e., the solution of a non-trivial minimization problem. Our setting
likewise involves a complex nonlinear map, but rather than in�ation
or tension-based actuation, we simulate the progressive folding of
the surface along tailored crease lines and curves.

Origami Tessellations.A class of deployable forms with a long-
standing tradition in artistic expression is obtained by folding sheet
materials along straight or curved-crease patterns. For engineering
and architectural applications, folded geometries based on repeating
unit cells are of particular importance, bene�ting from simpli�ed
structures while still providing functional capabilities. One of the
most prominent examples is the Miura-ori pattern [Koryo 1985],
which has found widespread use in deployable structures, space
applications, and mechanical metamaterials. Beyond Miura-ori, a
large number of tessellated origami patterns have been developed;
for a comprehensive list of references, see the work of Lang [2017].

Curved counterparts to straight-crease tessellations have also
been a subject of exploration in origami. Early work by Hu�man
examines patterns composed of conic creases [Demaine et al. 2011],
emphasizing their aesthetic appeal while laying the foundation for
subsequent theoretical studies in curved-crease origami [Demaine
et al. 2015, 2018]. Curved-crease tessellations continue to inspire
contemporary origami artists, including Lukasheva [2021], Polly
Verity, and Mitani [2019]. Leung and Garibi [2024] illustrate connec-
tions between straight-crease origami tessellations and their curved
counterparts.

While artistic exploration produces intricate and expressive
folded surfaces, their realization typically requires signi�cant
manual expertise. In particular, folding large-scale tessellations is
time-consuming and nontrivial, motivating the use of computa-
tional design and simulation tools to explore, analyze, and automate
the generation and folding of such structures. Our work contributes
to the existing tool set with new folding and homogenization
algorithms that, taken together, can predict the macromechanical
behavior of origami tessellations before their physical realization.

Folding Simulation.Due to the high complexity of folding large
origami patterns and tessellations, e�cient folding simulation
approaches are an active area of research. Notable examples for
straight-crease origami include the softwareFreeform Origami
by Tachi [2010] and its novel implementation as the Grasshopper
for Rhino pluginCraneby Suto et al. [2023]. By using conforming
discretizations, the accessible browser-based appOrigami Simu-
lator1 by Ghassaei et al. [2018] can also handle curved creases.
Beyond triangulations, other approaches simulate folded shapes
using planar quad-dominant meshes [Kilian et al. 2008, 2017],
B-spline patches [Tang et al. 2016], and discrete orthogonal geodesic
nets [Rabinovich et al. 2019]. Building on the nonlinear eigenmodes
introduced by Dünser et al. [2022], Tang et al. [2024] describe
an automated approach for discovering energetically optimal
folding transformations for thin-sheet materials using strain-space
eigenmodes. However, their method produces soft folds and does
not account for the e�ects of sharp curved or straight creases.
In this work, we extend these methods to model curved folding
within a simulation that produces energetically-optimal folded

1see origamisimulator.org

states, providing a strong and novel foundation for analyzing the
mechanical properties of periodically folded origami sheets.

Origami Materials.The mechanical behavior of origami tessel-
lations has become an active area of research; see, e.g., the recent
overview by Zhai et al. [2021]. Properties such as the Poisson ra-
tios under membrane and bending deformations of well-known
designs, including the Miura-ori and eggbox patterns, have been
studied extensively [Lv et al. 2014; Schenk and Guest 2010, 2013;
Wei et al. 2013]. Their ability to approximate curved surfaces has
been investigated as well [Dudte et al. 2016; Nassar et al. 2017].

The sti�ness-enhancing bene�ts of curved-crease origami tes-
sellations have been studied, e.g., in the context of curved fold-
cores [Zakirov and Alekseyev 2004]. Subsequent studies have high-
lighted the role of curvature-induced geometric sti�ness in thin-
sheet structures, such as through increases in the second moment of
area [Woodru� 2022; Woodru� and Filipov 2021]. Building on these
ideas, Sun et al. [2024] investigate origami metamaterials composed
of parallel curved creases and demonstrate programmable sti�ness
and stability characteristics arising from their geometry. With a sim-
ilar motivation, Karami et al. [2024] explore a curved-crease variant
of the Miura-ori pattern for morphing metamaterials, examining
how crease geometry in�uences their Poisson's ratios. Complemen-
tary theoretical developments include Lagrangian formulations and
group orbit�based approaches for their computation [Liu and James
2025]. Combinations of curved- and straight-creases enable the
design of origami materials with programmable multistability, as
demonstrated in recent work by Chai et al. [2024].

Perhaps most closely related to our work is the recent study by Va-
sudevan and Pratapa [2024], who likewise adopt a homogenization-
based framework to characterize the mechanics of origami tessel-
lations. Their approach, however, relies on a simpli�ed mechani-
cal model that e�ectively restricts the analysis to rigidly foldable
patterns composed of straight creases�they concentrate on the
Miura-ori pattern and a variant thereof. In contrast, our method ac-
curately captures facet curvature induced by bending along curved
creases, enabling the analysis of a substantially broader class of
tessellations that combine straight and curved crease geometries.
This level of generality allows for a systematic investigation of
the interplay between crease pattern geometry and e�ective mate-
rial symmetry. In particular, we demonstrate examples exhibiting
isotropic, tetragonal, orthotropic, and fully anisotropic mechanical
behavior.

3 Overview
We present a computational framework for modeling and analysis
of periodic origami materials made from �at sheets folded along
straight or curved creases (see Fig. 1). We focus on periodic crease
patterns that fold into structured plates that can be characterized
by a planar mid-surface in the folded con�guration.

We �rst introduce our new approach for computing energetically-
optimal folded con�gurations for periodic origami patterns based
on a unit-cell approach (Sec. 4). To determine the macromechanical
bending and stretching properties of the resulting origami materials,
we describe an e�cient homogenization approach based on Classi-
cal Laminate Theory (Sec. 5). We then analyze the homogenization
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results for a diverse set of example patterns and study relations
between mechanical behavior and crease layout symmetries (Sec. 6).
Finally, we show physical prototypes for selected patterns and qual-
itatively compare their mechanical behavior with our homogenized
simulations. We conclude with a discussion of limitations and some
directions for future research.

4 Folding
To characterize the mechanical behavior of origami materials,
we must be able to accurately predict folded con�gurations for
given crease layouts. Since origami materials are made from
quasi-inextensible sheets, the folding simulation must generate
con�gurations with very low in-plane strain while reproducing
realistic face curvatures. To achieve this, we introduce a simulation
method that enforces a target folding magnitude while minimizing
the sheet's elastic energy. Before describing the method, we brie�y
summarize our unit-cell model, including the crease pattern,
boundary conditions, and underlying mechanical model.

4.1 Unit-Cell Model
The input to our method is a periodic crease pattern de�ned on
a parallelogram-shaped unit cell. The crease pattern consists of a
set of crease segments, either curved or straight, that induce a set
of faces. Mountain-valley assignments indicate whether a crease
should bend up or down during folding.

We triangulate the unit cell and its creases into a periodic mesh
as shown in Fig. 2 (left). LetX andx denote the vertex positions
for the rest and deformed con�gurations, respectively. As the unit
cell deforms during folding, its boundaries must remain periodic.
This periodicity implies that corresponding vertex pairs,¹xD

8•xD
9º

and ¹xE
8•xE

9º, on opposite cell boundaries in theDandEdirection
must satisfy

xD
8 � xD

9 = tD and xE
8 � xE

9 = tE • (1)

wheretD andtE are the tiling vectors of the deformed cell.

Simulation Model.We use a standard discrete shell model for
simulation, combining constant strain triangle �nite elements for
membrane deformations with a bending energy based on a per-
triangle discretization of the shape operator [Grinspun et al. 2006].

Pre-scored patterns are easy to fold along creases but show
stronger resistance to bending otherwise. To model this di�erence
in bending sti�ness, we modify the shape operator for triangles
adjacent to creases.

Fig. 2. Unit-cell model.Le� : Periodic triangle mesh conforming to crease
pa�ern with mountain-valley assignments indicated inred andblue, respec-
tively. Middle: simulation result for folded configuration.Right: correspond-
ing physical prototype with pre-scored creases.

Fig. 3. Comparison between di�erent folding simulation methods on two
pa�erns. Our nonlinear folding modes (le� ) show lower peak strain com-
pared to the penalty method with prescribed target angles (middle). This
leads to substantially lower total elastic energy as shown in the correspond-
ing plots on the right.

The shape operator is de�ned on a given center triangle and its
three edge-adjacent neighbor triangles (�aps) as

� =
3Õ

8=1

\ 8

2 ��; 8
�d8�d)

8 • (2)

where\ 8 is the current dihedral angle between the center triangle
and its8-th �ap. All other quantities refer to the undeformed con�g-
uration: �� is the center triangle's area,�;8 is the length of edge8, and
�d8 is a vector in the plane of the center triangle, orthogonal to edge
8, pointing outward, and with magnitude equal to;8. To modify the
shape operator such that bending across crease edges is no longer
penalized, we simply set\ 8 = 0 for the corresponding edge. Having
removed bending resistance across creases in this way, we introduce
hinge elements [Grinspun et al. 2003] for all crease edges, allowing
us to selectively control their sti�ness and rest angles during folding
simulation and homogenization.

4.2 Folding Simulation
Given a periodic unit-cell mesh conforming to a set of creases, our
goal is to compute the corresponding folded con�guration. Although
we typically know the sign of each crease angle, given as part of the
input, the optimal angle magnitudes are not knowna priori. Simply
prescribing per-crease target angles generally leads to suboptimal re-
sults with excessive face bending or unacceptable membrane strains;
see Fig. 3 for an example.

Intuitively, we would like to achieve a given folding progress�
measured using an appropriate metric�with the least mechanical
work. Following Dünser et al. [2022], we start in vertex space and
ask for nodal displacementsu of unit magnitude that induce the
least energy. Approximating the energy of the sheet with a quadratic
model,� ¹uº = 1

2u) Hu, leads to a constrained optimization problem
of the form

min
u

1
2

u) Hu s.t
1
2

¹u) Mu � 1º = 0• (3)

where we use the diagonal mass matrixM to obtain a resolution-
and mesh-independent norm constraint. The �rst-order optimality

ACM Trans. Graph., Vol. 45, No. 4, Article 147. Publication date: July 2026.




	Abstract
	1 Introduction
	2 Related Work
	3 Overview
	4 Folding
	4.1 Unit-Cell Model
	4.2 Folding Simulation

	5 Homogenization
	5.1 Plate Model
	5.2 Plate Homogenization
	5.3 Analysis

	6 Results
	6.1 Material Diversity
	6.2 Centrosymmetry & Stretching-Bending Coupling
	6.3 Exploring Pattern Parameters
	6.4 Comparing Simulations & Physical Prototypes
	6.5 Performance & Statistics

	7 Conclusions
	Acknowledgments
	A Optimal Deformations and Stiffness
	References

