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Fig. 1. Computational and physical exploration of periodic origami materials reveals a wide spectrum of effective material properties. The polar plots indicate
orientation-dependent bending stiffness computed with our novel homogenization approach. The physical prototypes have been manually folded from

plastified paper along crease curves pre-scored with a laser cutter.

We present a computational framework for numerical homogenization of
origami materials—thin sheets structured with periodic crease patterns
that, once folded, exhibit diverse and often unusual mechanical properties.
Whereas the in-plane stiffness of conventional sheet materials is typically
orders of magnitude larger than their resistance to bending, origami-based
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folding introduces geometric structure that can drastically reshape both
bending and stretching behavior. However, predicting how a particular
crease pattern gives rise to effective macroscopic properties remains chal-
lenging due to the complex coupling of crease geometry, folding kinemat-
ics, and surface deformations. In this work, we introduce a computational
framework that integrates simulation-based folding and numerical homog-
enization to explore the relationship between crease pattern and effective
material behavior. To describe the macromechanical response of origami
materials, we employ a quadratic energy model based on Classical Laminate
Theory, together with a simplified treatment of crease plasticity. Our uni-
fied representation accommodates both straight- and curved-crease designs,
revealing a rich space of origami materials with diverse behavior. In par-
ticular, we examine how pattern symmetry governs material symmetries,
demonstrating examples that span the full spectrum from perfectly isotropic
to highly anisotropic membrane and bending responses. Our framework
further enables controlled exploration of parameter variations, illustrating
how geometric features such as crease curvature shape macroscopic mechan-
ical behavior. We showcase the potential of this approach through a broad
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set of examples, ranging from canonical straight-crease patterns such as
Miura-ori to complex curved-crease tessellations. While a quantitative analy-
sis is left for future work, we validate our homogenized descriptions against
native-scale simulations and qualitatively compare deformation behaviors
with real-world prototypes.
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1 Introduction

Understanding how geometric structure shapes the mechanical
response of thin sheets is a central problem in engineering, archi-
tecture, and material science. Thin materials such as paper, metal
foils, or polymer films typically exhibit high resistance to in-plane
stretching while offering comparatively little resistance to bending.
Modifying this imbalance without increasing material thickness or
weight is a longstanding challenge.

Origami-inspired patterning offers a geometric avenue for enrich-
ing the mechanical behavior of thin sheets. By introducing periodic
crease networks into an initially flat surface, origami tessellations
give rise to folded configurations with complex three-dimensional
geometry. These folded structures can exhibit macromechanical
responses that differ fundamentally from those of flat sheets, includ-
ing strong variation in directional stiffness and coupling between
bending and stretching. As a result, origami materials have attracted
growing interest across disciplines ranging from mechanical meta-
materials to deployable structures and architectural engineering
[Islam et al. 2025; Li et al. 2019; Meloni et al. 2021].

Nevertheless, establishing a clear and systematic relationship
between an origami crease pattern and the resulting effective me-
chanical behavior remains a significant challenge. The folded con-
figuration of an origami sheet is the result of a complex interplay
between crease geometry, folding kinematics, and the thin-shell
mechanics of the underlying material. These factors interact in
nontrivial ways, making it difficult to predict macroscopic behav-
ior from crease pattern alone—in particular when moving beyond
classical straight-crease patterns, where the folded surface remains
piecewise planar, to curved-crease tessellations that lead to more
general piecewise developable surfaces.

In this work, we present a computational framework for analyzing
origami materials through the lens of numerical homogenization. To
this end, we propose a novel folding algorithm that, building upon
the concept of strain-space modes [Tang et al. 2024], introduces
crease modes to achieve energetically-optimal folded states with
low membrane strains and no spurious face bending. To describe
the macromechanical response of these folded configurations, we
propose an efficient homogenization approach that uses a quadratic
energy model based on Classical Laminate Theory, enabling separate
modeling of membrane and bending stiffness as well as explicit
coupling between them.

A key feature of our approach is a unified treatment of both
straight- and curved-crease designs. While previous studies have
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primarily focused on straight-crease patterns, curved creases con-
siderably expand the geometric and mechanical vocabulary, intro-
ducing smoothly varying surface curvature and richer coupling
between bending and in-plane deformation. Supporting both pat-
tern classes within a single pipeline enables comparative analysis
across a broad family of origami materials.

Using this framework, we investigate how symmetries in the
crease pattern influence symmetries of the homogenized material
response, revealing behaviors that range from perfectly isotropic to
strongly anisotropic in both membrane and bending regimes. We fur-
ther explore how continuous parameter variations—such as changes
in crease curvature—affect macroscopic stiffness and deformation
behavior. We demonstrate the capabilities of our approach through
an extensive set of examples, spanning well-known straight-crease
tessellations such as Miura-ori as well as families of curved-crease
designs. Our homogenized models are validated against native-scale
simulations, and we qualitatively compare predicted deformations
with fabricated physical prototypes. We leave a quantitative analysis
for future work.

Our source code and folding patterns are available at https://
github.com/mingj1125/homogenizationorigami.

2 Related Work

Programmable Materials. With the widespread availability of
3D-printing technology, the analysis and design of metamaterials,
whose tailored microstructures enable a broad range of macrome-
chanical properties [Bertoldi et al. 2017], has become an active area
of research in visual computing [Bickel et al. 2010]. While the ini-
tial focus was on three-dimensional materials [Martinez et al. 2016,
2017; Panetta et al. 2015; Schumacher et al. 2015], two-dimensional
metasheets with programmable mechanical properties have recently
seen increasing interest [Li et al. 2023; Martinez et al. 2019; Schu-
macher et al. 2018; Tozoni et al. 2020; Zhang et al. 2023]. Rather
than just a simpler version of their 3D counterparts, the ability
of metasheets to bend out of plane adds opportunities for control
but also extra complexity. While some works deliberately separate
stretching and bending responses [Montes Maestre et al. 2024; Schu-
macher et al. 2018; Tang et al. 2023], others account for coupling
to a limited extent [Feng et al. 2024; Sperl et al. 2020]. For Origami
plates, the interplay between membrane and bending deformations
is a central characteristic and our method is able to capture the full
coupling behavior.

Deployable Surfaces. Physical surfaces that deploy from a flat
state to curved configurations have many applications. For exam-
ple, through local control of pattern parameters, auxetic surfaces
combine large expansion and double-curvature shapes [Konakovi¢
et al. 2016; Konakovi¢-Lukovi¢ et al. 2018]. Strategic placement of
3D-printed reinforcements onto pre-stretched membranes enables
self-actuating surfaces that deploy into desired equilibrium shapes
[Guseinov et al. 2017; Jourdan et al. 2022; Pérez et al. 2017]. An-
other line of work investigates the design of pneumatic surfaces
that, through carefully designed tubes and channels, inflate into
desired target shapes [He et al. 2025; Panetta et al. 2021; Ren et al.
2024]. As a common aspect between these works, evaluating the
shape or performance of the deployed surfaces requires simulation,
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i.e., the solution of a non-trivial minimization problem. Our setting
likewise involves a complex nonlinear map, but rather than inflation
or tension-based actuation, we simulate the progressive folding of
the surface along tailored crease lines and curves.

Origami Tessellations. A class of deployable forms with a long-
standing tradition in artistic expression is obtained by folding sheet
materials along straight or curved-crease patterns. For engineering
and architectural applications, folded geometries based on repeating
unit cells are of particular importance, benefiting from simplified
structures while still providing functional capabilities. One of the
most prominent examples is the Miura-ori pattern [Koryo 1985],
which has found widespread use in deployable structures, space
applications, and mechanical metamaterials. Beyond Miura-ori, a
large number of tessellated origami patterns have been developed,;
for a comprehensive list of references, see the work of Lang [2017].

Curved counterparts to straight-crease tessellations have also
been a subject of exploration in origami. Early work by Huffman
examines patterns composed of conic creases [Demaine et al. 2011],
emphasizing their aesthetic appeal while laying the foundation for
subsequent theoretical studies in curved-crease origami [Demaine
et al. 2015, 2018]. Curved-crease tessellations continue to inspire
contemporary origami artists, including Lukasheva [2021], Polly
Verity, and Mitani [2019]. Leung and Garibi [2024] illustrate connec-
tions between straight-crease origami tessellations and their curved
counterparts.

While artistic exploration produces intricate and expressive
folded surfaces, their realization typically requires significant
manual expertise. In particular, folding large-scale tessellations is
time-consuming and nontrivial, motivating the use of computa-
tional design and simulation tools to explore, analyze, and automate
the generation and folding of such structures. Our work contributes
to the existing tool set with new folding and homogenization
algorithms that, taken together, can predict the macromechanical
behavior of origami tessellations before their physical realization.

Folding Simulation. Due to the high complexity of folding large
origami patterns and tessellations, efficient folding simulation
approaches are an active area of research. Notable examples for
straight-crease origami include the software Freeform Origami
by Tachi [2010] and its novel implementation as the Grasshopper
for Rhino plugin Crane by Suto et al. [2023]. By using conforming
discretizations, the accessible browser-based app Origami Simu-
lator! by Ghassaei et al. [2018] can also handle curved creases.
Beyond triangulations, other approaches simulate folded shapes
using planar quad-dominant meshes [Kilian et al. 2008, 2017],
B-spline patches [Tang et al. 2016], and discrete orthogonal geodesic
nets [Rabinovich et al. 2019]. Building on the nonlinear eigenmodes
introduced by Diinser et al. [2022], Tang et al. [2024] describe
an automated approach for discovering energetically optimal
folding transformations for thin-sheet materials using strain-space
eigenmodes. However, their method produces soft folds and does
not account for the effects of sharp curved or straight creases.
In this work, we extend these methods to model curved folding
within a simulation that produces energetically-optimal folded

!see origamisimulator.org

states, providing a strong and novel foundation for analyzing the
mechanical properties of periodically folded origami sheets.

Origami Materials. The mechanical behavior of origami tessel-
lations has become an active area of research; see, e.g., the recent
overview by Zhai et al. [2021]. Properties such as the Poisson ra-
tios under membrane and bending deformations of well-known
designs, including the Miura-ori and eggbox patterns, have been
studied extensively [Lv et al. 2014; Schenk and Guest 2010, 2013;
Wei et al. 2013]. Their ability to approximate curved surfaces has
been investigated as well [Dudte et al. 2016; Nassar et al. 2017].

The stiffness-enhancing benefits of curved-crease origami tes-
sellations have been studied, e.g., in the context of curved fold-
cores [Zakirov and Alekseyev 2004]. Subsequent studies have high-
lighted the role of curvature-induced geometric stiffness in thin-
sheet structures, such as through increases in the second moment of
area [Woodruff 2022; Woodruff and Filipov 2021]. Building on these
ideas, Sun et al. [2024] investigate origami metamaterials composed
of parallel curved creases and demonstrate programmable stiffness
and stability characteristics arising from their geometry. With a sim-
ilar motivation, Karami et al. [2024] explore a curved-crease variant
of the Miura-ori pattern for morphing metamaterials, examining
how crease geometry influences their Poisson’s ratios. Complemen-
tary theoretical developments include Lagrangian formulations and
group orbit-based approaches for their computation [Liu and James
2025]. Combinations of curved- and straight-creases enable the
design of origami materials with programmable multistability, as
demonstrated in recent work by Chai et al. [2024].

Perhaps most closely related to our work is the recent study by Va-
sudevan and Pratapa [2024], who likewise adopt a homogenization-
based framework to characterize the mechanics of origami tessel-
lations. Their approach, however, relies on a simplified mechani-
cal model that effectively restricts the analysis to rigidly foldable
patterns composed of straight creases—they concentrate on the
Miura-ori pattern and a variant thereof. In contrast, our method ac-
curately captures facet curvature induced by bending along curved
creases, enabling the analysis of a substantially broader class of
tessellations that combine straight and curved crease geometries.
This level of generality allows for a systematic investigation of
the interplay between crease pattern geometry and effective mate-
rial symmetry. In particular, we demonstrate examples exhibiting
isotropic, tetragonal, orthotropic, and fully anisotropic mechanical
behavior.

3  Overview

We present a computational framework for modeling and analysis
of periodic origami materials made from flat sheets folded along
straight or curved creases (see Fig. 1). We focus on periodic crease
patterns that fold into structured plates that can be characterized
by a planar mid-surface in the folded configuration.

We first introduce our new approach for computing energetically-
optimal folded configurations for periodic origami patterns based
on a unit-cell approach (Sec. 4). To determine the macromechanical
bending and stretching properties of the resulting origami materials,
we describe an efficient homogenization approach based on Classi-
cal Laminate Theory (Sec. 5). We then analyze the homogenization
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results for a diverse set of example patterns and study relations
between mechanical behavior and crease layout symmetries (Sec. 6).
Finally, we show physical prototypes for selected patterns and qual-
itatively compare their mechanical behavior with our homogenized
simulations. We conclude with a discussion of limitations and some
directions for future research.

4  Folding

To characterize the mechanical behavior of origami materials,
we must be able to accurately predict folded configurations for
given crease layouts. Since origami materials are made from
quasi-inextensible sheets, the folding simulation must generate
configurations with very low in-plane strain while reproducing
realistic face curvatures. To achieve this, we introduce a simulation
method that enforces a target folding magnitude while minimizing
the sheet’s elastic energy. Before describing the method, we briefly
summarize our unit-cell model, including the crease pattern,
boundary conditions, and underlying mechanical model.

4.1 Unit-Cell Model

The input to our method is a periodic crease pattern defined on
a parallelogram-shaped unit cell. The crease pattern consists of a
set of crease segments, either curved or straight, that induce a set
of faces. Mountain-valley assignments indicate whether a crease
should bend up or down during folding.

We triangulate the unit cell and its creases into a periodic mesh
as shown in Fig. 2 (left). Let X and x denote the vertex positions
for the rest and deformed configurations, respectively. As the unit
cell deforms during folding, its boundaries must remain periodic.
This periodicity implies that corresponding vertex pairs, (xY, X;'l)
and (x7, x;?), on opposite cell boundaries in the u and v direction
must satisfy

xll-‘—x';:tu and x?—x?zt”, (1)
where t“ and t? are the tiling vectors of the deformed cell.

Simulation Model. We use a standard discrete shell model for
simulation, combining constant strain triangle finite elements for
membrane deformations with a bending energy based on a per-
triangle discretization of the shape operator [Grinspun et al. 2006].

Pre-scored patterns are easy to fold along creases but show
stronger resistance to bending otherwise. To model this difference
in bending stiffness, we modify the shape operator for triangles
adjacent to creases.

Fig. 2. Unit-cell model. Left: Periodic triangle mesh conforming to crease
pattern with mountain-valley assignments indicated in red and blue, respec-
tively. Middle: simulation result for folded configuration. Right: correspond-
ing physical prototype with pre-scored creases.
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Fig. 3. Comparison between different folding simulation methods on two
patterns. Our nonlinear folding modes (left) show lower peak strain com-
pared to the penalty method with prescribed target angles (middle). This
leads to substantially lower total elastic energy as shown in the correspond-
ing plots on the right.

The shape operator is defined on a given center triangle and its
three edge-adjacent neighbor triangles (flaps) as

3
0i - o1
A= ; 2T did! @)
where 0; is the current dihedral angle between the center triangle
and its i-th flap. All other quantities refer to the undeformed config-
uration: A is the center triangle’s area, I; is the length of edge i, and
d; is a vector in the plane of the center triangle, orthogonal to edge
i, pointing outward, and with magnitude equal to [;. To modify the
shape operator such that bending across crease edges is no longer
penalized, we simply set 6; = 0 for the corresponding edge. Having
removed bending resistance across creases in this way, we introduce
hinge elements [Grinspun et al. 2003] for all crease edges, allowing
us to selectively control their stiffness and rest angles during folding
simulation and homogenization.

4.2 Folding Simulation

Given a periodic unit-cell mesh conforming to a set of creases, our
goal is to compute the corresponding folded configuration. Although
we typically know the sign of each crease angle, given as part of the
input, the optimal angle magnitudes are not known a priori. Simply
prescribing per-crease target angles generally leads to suboptimal re-
sults with excessive face bending or unacceptable membrane strains;
see Fig. 3 for an example.

Intuitively, we would like to achieve a given folding progress—
measured using an appropriate metric—with the least mechanical
work. Following Diinser et al. [2022], we start in vertex space and
ask for nodal displacements u of unit magnitude that induce the
least energy. Approximating the energy of the sheet with a quadratic
model, E(u) = %uTHu, leads to a constrained optimization problem
of the form

1 1
min -u'Hu st —(uTMu -1)=0, 3)
u 2 2

where we use the diagonal mass matrix M to obtain a resolution-
and mesh-independent norm constraint. The first-order optimality
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conditions of the above optimization problem are
Hu-AMu=0, 4)

where A is a Lagrange multiplier. This expression shows that en-
ergetically optimal displacements correspond to the generalized
eigenmodes of the energy Hessian H. We solve the above general-
ized eigenvalue problem for a fixed number of eigenmodes v; using
the sparse algebra package Spectra?.

For homogeneous, unstructured thin plates, the eigenvectors for
the smallest (nonzero) eigenvalues correspond to smooth bending
deformations, since bending is energetically much less expensive
than stretching. To further encourage bending along creases, we set
their stiffness to zero before computing eigenvectors. As a result, the
lowest-order eigenmodes tend to concentrate bending along creases
while adding curvature to faces as needed to prevent stretching.

Extension to Finite Deformations. Eigenmodes provide a tangent
direction for the folding path, but simply following them would
induce unacceptable stretching. To extend these modes to the
finite-deformation regime, we follow Tang et al. [2024] and first
map the vertex-space eigenvectors v; into crease-angle space to
obtain the crease modes

ci=Jvi, where J= % , (5)
ox
and 0 denotes the vector of all crease angles. The crease modes
provide first-order optimal directions for crease angle evolution.
Instead of prescribing per-angle targets as in Tang et al. [2024], we
impose the relaxed requirement that the folding path x(¢) must
make steady progress along the selected crease mode, i.e.,

clo(x(1)) = B(t), (6)

where f(t) describes the folding progress. We then seek a folding
trajectory that advances by a desired amount while minimizing
elastic energy. In a time-discrete formulation, this naturally leads to
the constrained optimization problem

Xp+1 = Xp + arg n&inE(xn +Ax) s.t. CTH(X +Ax) = fnr1 - (7)
X

Since accurate satisfaction of the progress constraint is not critical,
we replace it with a corresponding penalty term and solve a simpler
unconstrained minimization problem,

k
Xpt+1 = Xp + arg nAlinE(xn + AX) + ?P(CTAG(AX) —-AP?, (8
X

where AQ(Ax) = 6(x + Ax) — 8(x), kp = 1.0 is a penalty coefficient,
and Ap is a user-provided step size. In our examples, we set Aff =
s|c|?, where s = 30.0 is a scaling factor. To preserve periodicity
during folding, we add tiling vectors as degrees of freedom and
enforce (1) through variable elimination.

Discussion. While our method shares conceptual similarities with
the approaches of Diinser et al. [2022] and Tang et al. [2024], several
key differences enable our simulation to discover folded states with
significantly lower elastic energy. Penalty-based strategies that rely
on prescribing per-crease target angles of fixed magnitude generally
fail to produce realistic folding behavior (see Fig. 3). Employing

https://spectralib.org/

P Folding itude

Fig. 4. Impact of folding magnitude on membrane and bending stiffness.
The colors of the dots overlaid on the unit cells correspond to the curves in
the stiffness plots.

the modal folding method of Tang et al. [2024] to infer individ-
ual target angles for each crease only partially alleviates the issue:
per-crease target angles inherently over-constrain the system, pre-
venting it from settling into low-energy configurations. In contrast,
the single-constraint formulation of Diinser et al. [2022] leaves sub-
stantially more flexibility for energy minimization. However, as
reported by Tang et al. [2024], their vertex-space formulation intro-
duces undesirable stretching for larger displacements. By combining
crease-space eigenvectors with a single-constraint formulation, our
approach is able to generate folded configurations with virtually no
in-plane deformations, smooth face bending, and minimal elastic
energy; see Fig. 3.

5 Homogenization

Given a folded state of an origami material produced by our simula-
tion method (Sec. 4), we aim to characterize its macroscopic bending
and stretching response. To this end, we assume that all creases
have undergone fully plastic deformation and therefore reset their
rest angles to the current configuration. We additionally reset the
crease bending stiffness to the material’s default value.

To abstract away the geometric complexity of origami materials,
we model their effective mechanical response using Kirchhoff plate
theory. Specifically, we employ Classical Laminate Theory (CLT),
which captures the influence of material and structural variations
through the thickness [Reddy 2003]. For simplicity, we consider only
the initial stiffness, i.e., the linear relationship between membrane
and bending strains and the associated stresses and moments about
the initial folded configuration. In this regime, a quadratic energy
approximation based on CLT is sufficient.

ACM Trans. Graph., Vol. 45, No. 4, Article 147. Publication date: July 2026.
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5.1 Plate Model

We briefly recall the kinematics of Kirchhoff plates, then describe
how these lead to corresponding stress—strain relationships.

Kirchhoff Plate Kinematics. A plate is a thin, three-dimensional
body parameterized by a two-dimensional mid-surface, which we
take to lie at z = 0. Kirchhoff plate theory assumes that lines initially
normal to the mid-surface remain straight, normal, and unstretched
during deformation. Consequently, there are no strains or stresses in
the thickness direction, and transverse shear strains likewise vanish.
Each material layer therefore experiences a plane state of strain and
stress. Under these assumptions, the displacement field of the plate,
u(x,y,2) = (u,0, w)T, takes the form

ow
u(x,y,z) =up(x,y) —z2—,
ox

9
v(x,y,2) = vo(x,y) — 22 and
Iy

w(xy,2) = w(xy),
where (ug,v) are in-plane displacements of the mid-surface and

w is the transverse displacement in the normal direction. With the
usual differential relations, the membrane strains take the form

ugy Pw
exx(%,y,2) = o )
dvg Pw
eyy(x,y,2) = a_y - za—y2 , and (10)
1{duy avp Pw
Y2) == | —+ — | —z—— . 11
exy(%.9.2) 2 ( dy 8x) Zaxay ()

These three strain fields, which define the deformation at any point
in the plate, can be compactly rewritten as

e(x,y,2) = e (x, y) + zx(x,y) , (12)

where the mid-surface strains are given as

& (x,y) = (exx(x,4,0), Eyy(x, y,0), fxy(xa Y, 0))T > (13)
and the bending strains or curvatures are

Pw FPw  Pw T

—, 5, 2T 14
ax?’ ay?’ oxdy (14)

(%, y) = (Kxx, Kyys ny)T ==
Stiffness. For composite plates, each layer generally possesses its
own in-plane stiffness matrix C(z) € R3*3, which relates membrane
strains to the corresponding in-plane stresses via o (z) = C(z) £(z).
The effective stiffness of the plate is obtained by integrating these
layerwise contributions through the thickness,

h

+4 +1
A=/ C(z)dz, B=/ zC(z) dz,

h h
2 2

+4 )
D= /h z°C(2) dz,
2
where A and D are symmetric 3 X 3 matrices representing the mem-
brane and bending stiffnesses, respectively. The matrix B, which
is generally non-symmetric, characterizes the coupling between
membrane strains and bending curvatures.
Summarizing membrane and bending strains at the midsurface as

0 0 0 T
s = (&xxs Eyys foy, Kxx> Kyy» ny) > (15)
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the energy density of the plate can be compactly written as
A B}

1T
Ecit = ES Ks, where K= [BT D (16)

5.2 Plate Homogenization

Due to their complex structure, we cannot perform integration
through the thickness in closed form for origami materials. We
instead resort to numerical homogenization and probe a single unit
cell with a set of six macro-level displacement fields,

2 )T

a3 = (sx,0, O)T g = (—bxz,0, %bx

1z = (0,55,0)" a5 = (0, —byz, 1by?H)T

u3 = (%sy, %sx, O)T g = (—byz, —bxz, %bxy)T ,

where the scalars s and b control the magnitude of membrane and
bending strains, respectively. From Eqs. (9-11) and (14), it can be seen
that @ to @3 induce pure stretching and shearing (without bend-
ing), whereas 14 to U generate pure bending and torsion (without
stretching the mid-surface).

Simply imposing these macroscopic displacement fields on the
unit cell would overestimate the energy, as the resulting internal
forces would not, in general, be in equilibrium at the interior nodes.
We therefore introduce microscopic displacement fields u that allow
internal nodes to adjust their positions so as to minimize the total
energy,

1 1
E(u) = 5uTHu = 5ﬁTHﬁ +0 Hi+E(0), (17)

where u = @ + 1 is the total displacement field. To ensure that the
prescribed macroscopic deformation, represented by a;, is satisfied
on average, we impose zero-mean conditions on @. The correspond-
ing three linear constraints, one per component, are enforced using
Lagrange multipliers A. We additionally enforce periodicity on the
microscopic displacements by eliminating variables.

Minimizing (17) subject to the zero-mean constraints leads to
a constrained optimization problem, whose first-order optimality
conditions give rise to the linear system

R

vC 0

Solving this system yields the energetically optimal microscopic dis-
placements u. The six total displacement fields u; = @; +u; obtained
in this way define a basis for first-order optimal plate deformations,
from which we construct a quadratic macroscopic energy model.
To this end, we use the Hill-Mandel condition [Hill 1963; Mandel
1971] and ask that microscopic and macroscopic energies should
match. Since both macro- and microscopic energies are quadratic
functions, we simply have

ejKe; = ujTHlli Vi, j, (19)

where K is the macroscopic stiffness matrix and e, € R®, with
er = Oy, are coefficient vectors that induce unit strains along their
corresponding microscopic displacement fields uy. The entries of
the macroscopic stiffness matrix K then follow as

Kij = u]T-Hui . (20)
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Fig. 5. Impact of changing crease curvature (left) on the directional mem-
brane (middle) and bending (right) stiffness of the curved-crease sine wave
pattern.

The 21 combinations obtained in this way are mapped to the three
blocks of the stiffness matrix (16) as

Aij = Kij,
fori, j € {1,2,3}.

Dij =K(is3)(j+3)» and Bij =Kj(jy3),  (21)

Discussion. The macroscopic fields used for homogenization war-
rant some additional discussion. While the membrane modes 1
to @3 are valid irrespective of deformation magnitude, the bending
modes, U4 and @5, only approximate cylindrical curvature. Neverthe-
less, they are perfectly periodic and remain valid for small displace-
ments. The torsion mode ¢, however, violates two key assumptions:
it is not periodic, and it introduces Gaussian curvature. For the latter,
the associated inconsistency scales quadratically with the torsion
amplitude y. It is therefore negligible for sufficiently small displace-
ments. The lack of periodicity, on the other hand, introduces an
error that depends on the unit-cell size and influences the effective
torsional stiffness. As a result, the homogenized response is not fully
resolution independent. Similar observations have been made by
Sperl et al. [2020] and Tang et al. [2023]. Nonetheless, the proposed
approach enables a fully linear treatment of the problem, and our
experiments across different cell sizes indicate that the resulting
discrepancy is not severe. We therefore accept this trade-off and
leave a more detailed investigation for future work.

5.3 Analysis

Within the validity of the quadratic energy model, the macroscopic
stiffness matrix K fully characterizes the mechanical behavior of a
homogenized origami plate. Although complete, this representation
is not always intuitive for interpreting directional behavior. To pro-
vide a more accessible description, we compute directional stiffness
profiles and the associated Poisson ratios by imposing uniaxial mem-
brane and bending deformations. Because our primary interest is in
predicting the natural response of origami materials—for example,
during manual interaction—we seek deformation states that achieve
a prescribed magnitude in a given direction & with minimal energy.
This requirement leads to the optimization problem

1
min ESTKS s.t. c(a)Ts: m, (22)
S

where s = (exx, ..., rcxy)T is the strain vector and c(a) models a
linear constraint on the uniaxial deformation with direction « and
magnitude m. The constraints for uniaxial bending and stretching
in direction « take the form

Cmem (@) = (cos2 a, sin? a,cosasina, 0,0,0), (23)

2

Chend (@) = (0,0,0, cos® a, sin? a, cos a sin @) , (24)

respectively. Since both expressions are linear equality constraints
for fixed « and the objective is quadratic, optimization problem (22)
admits a closed form solution,

s (a) =K 'e(a) [e(a) 'K e(a)] " 'm. (25)

See also Appendix A. The energy associated with this optimal uni-
axial deformation is

E* = %(s*)TKS* :%(c(a)K_lc(a)T)_lmzz %k*(a)mz . (20)

where the generalized directional stiffness is defined as
1

c(a)TK1e(a)

It is worth noting that, if restricted to stretching only, this directional
stiffness is equivalent to the expression derived by Schumacher et al.
[2018], who treat bending and stretching separately. Our formula-
tion accounts for coupling between stretching and bending, which
is an important characteristic of origami materials.

Using expression (27), we generate directional stiffness plots for
homogenized origami materials. We furthermore compute corre-
sponding directional Poisson ratios for membrane and bending
deformations as

k*(a) = (27)

e(a+ %) _ k(a+3)
(@) Vpend (@) = — (@)

Finally, in order to quantify the coupling strength between stretch-
ing and bending, we use the energetically-optimal deformation
s*(«) for an imposed unit stretch in direction a and measure the
curvature induced by s*(«) as

Vmem(@) = — (28)

1(@) = \Jrer (@) + gy (@)? + 2Key (@) (29)

The resulting set of polar plots provides a concise, interpretable
summary of the macromechanical behavior of origami materials.
We use this description as a basis for our analysis in Sec. 6.
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6 Results

We evaluate our method on a diverse set of straight- and curved-
crease patterns. These include origami patterns inspired by Ekate-
rina Lukasheva, such as spiral and leafy tessellations [Lukasheva
2021], David Huffman’s lens tessellation and a conic crease pat-
tern based on parabolas [Koschitz 2014], and Jun Mitani’s tri-wing
boomerang design and its variations [Mitani 2019]. Our experiments
indicate a rich space of mechanical behavior, which we discuss in the
following. We first investigate the mechanical spectrum of origami
materials, focusing on material symmetries and how they relate to
symmetries in the pattern. We then study the geometric relations
that govern the stretching-bending coupling for origami materials.
Furthermore, we explore the continuous parameter space of curved
crease patterns and investigate how parameter changes affect ma-
terial behavior. Finally, we compare simulation results obtained
with our homogenized model to native-scale simulations and to
deformations observed in physical prototypes.

6.1 Material Diversity

The crease patterns we investigate lead to origami materials with a
wide range of mechanical behavior, ranging from perfect isotropy
to complete anisotropy. As with other elastic media, these material
symmetries are governed by pattern symmetries [Saxcé and Vallée
2013; Schumacher et al. 2018]. We discuss the relevant classes in the
following.

Isotropic Materials. A six-fold and three-fold rotational symmetry
of a pattern implies that the material behaves the same in every
direction and is therefore isotropic. In this case, the behavior is
determined by two independent constants (e.g., Young’s modulus
and Poisson’s ratio) and the elasticity matrix takes the form

Ci1 Ciz 0
Ajso = |C12 Cn1 0 . (30)
0 0 1(Cu-Cr)

As can be seen in Fig. 9 and 10, all six- and three-fold rotation-
ally symmetric crease patterns lead to isotropic behavior for both
stretching and bending.

Tetragonal Materials. A four-fold rotational symmetry of a pattern
implies that the material behavior is identical in two orthogonal
directions and thus tetragonal. Tetragonal materials are defined by
three independent constants, and the elasticity matrix takes the

form
Cn Ciz2 O
Atetra=|C12 Cu1 0 |, (31)
0 0 Cs3

where C33 # %(Cn —Cj2) in general. We can see in Fig. 9 and 10 that
the crease patterns in this symmetry class indeed show tetragonal
behavior for both stretching and bending.

Orthotropic Materials. If a pattern exhibits reflection symmetry
with respect to one or two orthogonal axes, the resulting homog-
enized material behavior is orthotropic. In this case, the material
possesses two perpendicular principal directions along which the
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stiffness may differ, but due to reflection symmetry there is no cou-
pling between normal and shear responses. Consequently, the elas-
ticity matrix of an orthotropic material contains four independent
constants and takes the form

Cin Ciz O
Aortho = [C12 C22 0. (32)
0 0 C33

As illustrated in Figs. 9-11, most of the examples we study fall
into this category. While the majority of these orthotropic origami
materials share the same symmetry axes for stretching and bend-
ing, a noteworthy exception are the discrete and continuous Leafy
designs® shown in Fig. 10, rows 3 and 4 . For these patterns, the
axes of symmetry that govern the membrane stiffness align with
the horizontal and vertical directions. While the twofold reflection
symmetry of the bending stiffness profile implies orthotropy, the
corresponding principal axes differ from those of the membrane
stiffness.

Anisotropy. If a pattern is only invariant to 180° rotation or has no
symmetry at all, its mechanical behavior must be fully anisotropic.
In this case, the material has six independent constants and the
structure of the elasticity matrix becomes

Cin Ci2 Ci3
Aaniso = |C12 C2z Co3| . (33)
Ci3 Co3 Cs3

To verify this prediction, we consider a skewed version of the curved
Miura-Ori pattern as shown in Fig. 11, row 1. It can be seen that the
shearing transformation removes reflection symmetry about the
vertical direction in the pattern, which translates into anisotropic
membrane and bending stiffness.

Poisson’s Ratio. For all patterns we considered, folding leads to
in-plane compression in all directions—in the sense that the folded
sheet projected on its midplane exhibits uniformly shorter distances
than in the flat state. Consequently, stretching the folded sheet
will usually promote unfolding and therefore increase lengths in
all directions, albeit to varying extents. This behavior leads to a
negative in-plane Poisson ratio, as confirmed for all examples in
Figs. 9—11.

For homogeneous elastic plates, a negative Poisson ratio in stretch-
ing would normally imply a tendency to develop positive Gaussian
curvature when bent: curvature imposed in one direction is accom-
panied by curvature of the same sign in the orthogonal direction. By
contrast, all origami patterns we analyzed predominantly produce
negative Gaussian curvature under bending. This apparent discrep-
ancy, already noted in previous work [Schenk and Guest 2010],
arises from the fact that origami sheets are not continuous materi-
als. Their mechanism-like architecture enables geometric modes of
deformation that are far richer than those captured by classical plate
theory, thereby decoupling the in-plane and out-of-plane Poisson
effects.

It is worth noting that, due to their mechanism-like behavior,
the Poisson’s ratio for origami materials can be large in magnitude.

3Leafy designs courtesy of Ekaterina Lukasheva.
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du

du () do
%
[

do(90) !

Fig. 6. Results for the theoretical validation of the Poisson ratio for the
Huffman-inspired lens design shown in row 5 of Fig. 10. Left: Valid ruling
assignment based on [Demaine et al. 2015]. Middle: Folded state of a cell of
the pattern computed using numerical integration in Mathematica, illustrat-
ing the central fold angle ¢o. Right: Variation of distances d,, and d, with
increasing fold angle ¢, with the corresponding Poisson ratio calculated as

v($) = —dofdy (dinfd) .

There are several examples exhibiting values smaller than —1.0, indi-
cating larger transverse than normal displacement during stretching.
One extreme case is the Huffman-inspired lens pattern shown in
Fig 10, row 5, which exhibits a Poisson ratio close to —12.0. This
unusually large (negative) value is explained by the fact that stretch-
ing the pattern in the horizontal direction straightens the concave
lenses which, in turn, creates a strong lever that amplifies lateral dis-
placement. Comparisons with an alternative isometry-based model
confirm the predictions obtained from our homogenized model; see
Fig. 6.

Straight vs. Curved Creases. Making general statements about
the mechanical differences between straight-crease (SCO) and
curved-crease origami (CCO) designs is not straightforward. Nev-
ertheless, several of our examples exhibit direct correspondences
between the two types, and some patterns even permit continuous
transitions from straight to curved creases. Here we consider
straight- and curved-crease versions of the Miura-ori pattern (Fig.
10, rows 7 and 8) and Huffman’s scaled parabolas (Fig. 10, rows 1
and 2), as well as the sine-wave pattern (Fig. 5, rows 1 and 2). These
cases provide a basis for a few meaningful observations.

The minimum membrane stiffness of SCO designs is generally
lower than that of the CCO counterparts, because SCO patterns
admit deformation modes that promote unfolding without inducing
facet bending. Nevertheless, membrane stiffness does not have to
be uniformly lower than for the CCO version, as can be seen on the
Miura-ori pattern.

For bending, SCO designs tend to be softer in all directions. The
likely reason is that curved-crease patterns feature faces that are
already bent in the folded state. Such pre-curved faces resist bending
in orthogonal directions more strongly, since additional deformation
would introduce double curvature, which is energetically costly.
An exception to this trend is the special case of parallel straight
creases (Fig. 10, row 6), for which the maximum bending stiffness
by far exceeds the largest value of the curved-crease version (Fig. 11,
row 2).

A practical advantage of curved-crease patterns is that their crease
curvature can often be continuously tuned while preserving sym-
metry and foldability. We illustrate the impact of such curvature

variation in Fig. 5. In contrast, straight-crease patterns are typi-
cally more restricted: even simple parameter modifications, such as
nonuniform scaling or shearing of the unit cell, may violate fold-
ability constraints and therefore cannot be used to adjust stiffness
in a controlled manner.

Impact of Folding Magnitude. A general trend observed across
all patterns is that membrane stiffness decreases, whereas bending
stiffness increases, as the folding magnitude grows. In Fig. 4 we
illustrate this behavior for four example patterns.

For the sine-wave pattern (Ist row), the principal material direc-
tions remain fixed, but the stiffness magnitudes change substantially.
While the material is initially almost five times stiffer along the hor-
izontal axis, it becomes more than twice as stiff along the vertical
axis in the most folded configuration—an axis inversion that also
appears in the bending stiffness. This effect can be explained by the
fact that even modest folding causes significant softening in the
direction orthogonal to the creases, whereas the stiffness along the
creases remains close to that of the base material. While additional
folding has little effect on the already-softened vertical direction,
it progressively reduces stiffness along the creases as they become
increasingly curved.

As shown for the 3-fold symmetric spiral pattern (2nd row),
isotropic materials remain isotropic throughout folding, and both
membrane and bending stiffness vary monotonically with folding
magnitude. The leaf pattern (3rd row) is initially nearly isotropic in
its membrane response, but becomes increasingly stiffer along the
vertical axis and therefore more orthotropic as folding progresses.
Finally, the four-fold symmetric pattern (4th row) exhibits an
interesting rotation of the principal material axes with varying
folding magnitude. A possible explanation is that when considering
the main crease lines of the pattern, we observe a slight rotation in
orientation, particularly visible in the center of the pattern.

6.2 Centrosymmetry & Stretching-Bending Coupling

Symmetries in membrane and bending behaviors are determined
by rotation and reflection symmetries of the crease pattern. How-
ever, this set of symmetries is insufficient to determine whether a
material will show coupling between stretching and bending. As
a necessary condition for a material to exhibit coupling between
translational and rotational degrees of freedom, its structure must
be non-centrosymmetric [Fernandez-Corbaton et al. 2019; Vasude-
van and Pratapa 2024]. Centrosymmetry describes the symmetry
of a structure under point inversion with respect to a given origin.
Formally, a unit cell U is centrosymmetric if and only if there exists
a point xq (the center of inversion) such that

VxeU Ix e U with x =2x)-x. (34)

It is important to note that point inversion is fundamentally different
from axis reflection and rotation. In two dimensions, centrosymme-
try is equivalent to invariance under a rotation by 180°. However,
this equivalence does not carry over to the three-dimensional setting
of folded origami materials. Furthermore, invariance of a 2D crease
pattern under 180° rotations does not imply centrosymmetry of the
folded configuration—see examples below. To determine whether a
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Fig. 7. Examples of non-centrosymmetric patterns and corresponding plots showing the magnitude of the curvature tensor induced by an imposed stretch in a

given direction.

material can exhibit coupling between stretching and bending, we
must test centrosymmetry on the folded pattern.

Numerical Detection of Centrosymmetry. In order to test
an origami material for centrosymmetry, we evaluate the
point-inversion condition numerically on the folded unit cell.
To this end, we start by initializing the center of inversion xq
using the center of mass of the unit cell mesh and compute the
point-reflected unit-cell mesh. For each vertex y; of the reflected
mesh, we compute the closest point x(y;) on the original unit-cell
mesh, the corresponding distance d; = |ly; — x(y;i)||, and the
displacement vector u; = y; — x(y;). We then update the center
of inversion as X9 < Xo + Uayg using the average per-vertex
displacement uayg. This procedure is repeated until |[uavg|| < ecs,
where ¢.s = 107° is a threshold value. We conclude that a folded
pattern is centrosymmetric if the average per-vertex distance
davg =< 107!L, where L denotes the boundary length of the unit
cell. Despite its simplicity, this fixed-point iteration converges
rapidly (a few seconds for each of our examples) and reliably
detects the presence or absence of centrosymmetry for all patterns
considered.

Analyzing Patterns. We analyze our set of example patterns to
verify that (i) centrosymmetry in 3D implies B ~ 0 whereas B #
0 requires non-centrosymmetry in 3D, (ii) materials with non-
centrosymmetric folded states can have B =~ 0, and (iii) centrosym-
metric crease patterns can lead to non-centrosymmetric folded
states.

(i) For all patterns that we investigated, we numerically veri-
fied that centrosymmetry of the folded state leads to absence of
stretching-bending coupling with B ~ 0. Conversely, all patterns
for which the homogenized stiffness matrix satisfies B # 0 have a
non-centrosymmetric folded state. See Fig. 7 for an overview.

(ii) The fact that non-centrosymmetry in the folded state does not
necessarily lead to coupling between stretching and bending can be
seen on the curved Miura-ori pattern, for which we observe B ~ 0.
Interestingly, a sheared version of the curved Miura-ori pattern does
lead to stretch-bending coupling (see Fig. 7d). This effect is arguably
due to the fact that shearing the pattern reduces the symmetry of
the folded state.

(iii) As a demonstration that 2D centrosymmetry does not imply
3D centrosymmetry we consider the two spiral patterns shown in
Fig. 7a and b. It can be seen from Fig. 9, rows 4 and 7, that the crease
patterns for both examples exhibit four-fold rotational symmetry.
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Even though the crease patterns are thus centrosymmetric, their
3D folded states are not and the two materials exhibit distinct cou-
pling. As a visual interpretation, the folded states have an intrinsic
through-the-thickness asymmetry in which the two crease crossing
points, labeled A and B in Fig. 7, are located on different sides of the
midsurface. Since A and B have different valences and are therefore
not equivalent, the structure cannot have point-inversion symmetry.

6.3 Exploring Pattern Parameters

Many of the designs that we explore in this work have parame-
ters that can be changed continuously to modify the pattern and,
consequently, the mechanical behavior of the folded origami ma-
terials. Curved crease patterns are particularly interesting in this
context as crease curvature is a natural and easy to control parame-
ter. Here, we consider two examples to highlight the range of effects
on mechanical behavior that these parameter changes enable.

The first example is a curved-crease design consisting of stacked
sine waves as shown in Fig. 5. We consider four variations of this
pattern with increasing wave amplitude. With zero amplitude, the
pattern reduces to the well-known and widely-used straight-crease
variant with its sharp directional contrast in stretching and bending
stiffness (row I). With increasing amplitude (row 2), the membrane
stiffness remains highest in the horizontal direction, but starts to
soften. At the same time, membrane stiffness in the vertical direc-
tion is increasing. An analogous trend is observed for the bending
stiffness. Ultimately, the vertical direction becomes dominant for
both membrane and bending stiffness (row 4). This parameter vari-
ation thus allows for continuous control of relative stiffness along
principal axes.

Another example is the curved squares pattern of rows 5 and 6
in Fig. 9, where higher crease curvature leads to higher stiffness
contrast. Interestingly, as shown in Fig. 7 columns 5 and 6, a larger
curvature parameter also leads to higher non-centrosymmetry and
consequently stronger coupling between stretching and bending.

6.4 Comparing Simulations & Physical Prototypes

Prototype Fabrication. Given a periodic crease pattern with
mountain-valley assignments, we create a sufficiently large patch by
tiling the plane with at least 3 X 3 cells. For our physical prototypes,
we use tear-resistant Enduro Ice 135 paper* with a weight of
141g/m?. The crease lines are perforated using a laser cutter, after
which the pattern is folded manually. The quasi-inextensible

4https://sihl.com/produkte/enduroficef 135/
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Fig. 8. Comparison between physical prototypes (left), native-scale simu-
lations (middle) and homogenized simulations (right), shown as light blue
overlays. Regions with applied boundary conditions are highlighted in dark
blue.

material exhibits good elasticity for moderate deformations and
comparatively high plasticity for creases. This combination leads to
stable origami sheets that can undergo substantial deformations yet
reliably return to their intended folded configuration.

Comparison. To evaluate our homogenized models, we incorpo-
rate the corresponding energy densities into a discrete-shell simula-
tion based on a triangle-centered discretization of the shape operator.
This simulation method is identical to the one used for native-scale
folding and for the homogenization procedure itself; however, in-
stead of applying it to periodic unit-cell samples, we now use it
on finite-sized sheets. Applying periodic boundary conditions to
the physical prototypes would be both impractical and undesirable.
Such constraints would suppress the emergence of double-curvature
configurations, which are a defining characteristic of our origami
sheets and essential for capturing their full mechanical behavior.

When manipulating the prototypes, it becomes clear that some
deformations are easy to induce while others are hard—sometimes
because the response of the sheet is very stiff, but often because
the material escapes into a different deformation mode; see also
accompanying video. We therefore perform two sets of experiments:
we bend the prototypes in a given soft direction and observe the
curvature in the orthogonal direction. In the second set of tests
we apply stretching in given directions and observe the resulting
deformations—stretching and bending—in other directions. We then
compare these observations to predictions obtained with our ho-
mogenized simulation. To mimic the types of manipulations that
we apply to the physical prototypes, we set up spatially-averaged
soft constraints to prescribe target locations for mesh vertices in
regions where manipulation forces were applied in the real-world
experiment.

As shown in Fig. 8, the homogenized simulations closely track the
mid-surface geometry of the corresponding native-scale simulations.

In addition, the simulated responses exhibit good qualitative agree-
ment with the physical prototypes, reproducing key features such
as double curvature and torsional deformation. We note, however,
that differences in experimental conditions, along with discrepan-
cies between the simulation meshes and the prototype boundary
geometries, make more detailed comparisons difficult. Despite these
limitations, the experiments provide encouraging evidence that both
native-scale and homogenized models capture the essential mechan-
ical behavior—we leave a comprehensive quantitative assessment
for future work.

6.5 Performance & Statistics

Depending on the geometric complexity of the crease pattern, our
unit-cell meshes contain between 1,100 and 22,000 vertices. A single
step of the folding simulation requires approximately 1.2 s to 22.4 s,
and full folding trajectories typically complete within 5 to 55 min-
utes. Homogenization involves solving six linear systems with an
identical coefficient matrix, making its computational cost negligible
compared to computing the folded configuration. All timings were
collected on an Apple Macbook Pro (2021) with M1 Max CPUs.

For comparisons between native-scale and homogenized simula-
tions, we tile the unit cell into a 3 X 3 patch, yielding meshes with
roughly 45k triangles. Native-scale simulations on these meshes take
about 40s per step, whereas homogenized simulations on meshes
with around 1k triangles require only about 0.2s per step.

Fabricating and folding the physical prototypes is significantly
more time-consuming and requires expert handling. Depending on
the size and geometric complexity of a design, the initial folding
process took up to a few hours.

7 Conclusions

We presented a unified computational framework that combines
simulation-based folding with numerical homogenization to pre-
dict the effective mechanical behavior of periodic origami materials.
Treating straight and curved creases in a unified way allowed us to
study how crease shape and pattern symmetry govern macrome-
chanical stretching and bending responses, as well as their coupling.
By enabling systematic exploration of geometric parameters, our
method sheds light on how folding magnitude and crease curvature
impact emergent material behavior. The resulting homogenized
models show good agreement with native scale simulations and
qualitatively reproduce deformation responses observed in experi-
mental prototypes.

Limitations and Future Work. A natural extension of our work is
to replace the quadratic energy formulation with a fully nonlinear
simulation framework for homogenization, enabling the derivation
of corresponding nonlinear constitutive laws. Such a model would
make it possible to capture effects such as buckling, bistability, and
stiffness changes caused by internal contacts—which we do not
currently handle—or geometric nonlinearities.

Our proposed folding algorithm yields energetically optimal
folded states with substantially lower isometry violations compared
to existing alternatives. Nevertheless, more complex designs
may still exhibit non-negligible in-plane deformations—up to 4%
near the centers of the spiral patterns shown in Fig. 9, row 4
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While increasing mesh resolution may help reduce stretching, we
hypothesize that the dominant source is a locking-like artifact
associated with linear triangle finite elements. Future work should
therefore investigate the use of higher-order elements to assess
whether quasi-developable behavior can be achieved even in such
challenging configurations.

Our current homogenization framework relies on a non-periodic
torsion field to probe the double curvature response of origami
sheets. As a result, the effective behavior depends on the chosen
unit-cell size, particularly regarding the coupling of curvature in
different directions. Future work could explore alternative displace-
ment fields that exhibit double curvature while remaining periodic
at their boundaries.

Our prototype evaluations are qualitative, and we do not claim
quantitative accuracy in the predicted stiffness values. A rigorous
experimental characterization of these material properties would
be valuable, although challenging due to the need to control and
capture the full state of curvature and in-plane deformation.

We investigated the influence of folding magnitude through sim-
ulation and found that this parameter can lead to significant and
meaningful variations in the mechanical response. However, accu-
rately controlling the folding magnitude in our manually fabricated
prototypes is challenging. To reliably validate these predictions,
additional experiments using automated fabrication methods, such
as 3D printing or other techniques that enable precise control of
fold angles, should be conducted.

Inverse design methods represent another exciting direction, with
the potential to further unlock origami as a rich design space for
programmable plate-like materials.

While our focus has been on crease patterns that fold into flat
configurations, many patterns produce cylindrical or even spherical
curvature when folded. A deeper understanding of how a pattern’s
topology and geometry govern its resulting curvature would be
valuable for designing origami surfaces with user-specified shapes.

Finally, we see considerable promise in exploring spatially vary-
ing crease patterns, which could enable materials with locally tai-
lored mechanical responses and complex, smoothly varying target
geometries.
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A Optimal Deformations and Stiffness

For a given direction a, we compute the energetically optimal state
of deformation s = (exx, ..., ny)T by solving the optimization
problem

1
msin ESTKS st cls— p=0. (35)
The Lagrangian for this problem is
1
L(s, 1) = 5sTKs +AcTs=p), (36)

where A is a Lagrange multiplier for the single constraint. The first-
order optimality conditions require that the gradient of £ vanish
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with respect to both s and A, i.e.,
ViL=Ks+Ac=0, (37)
V,L=cls-p=0. (38)

Solving for the unknown s and A leads to a set of linear equations,

& ol [3] >

From the first row, we obtain s = —K~!c) which, when inserted into
the second row, yields A = —(c’K~'¢) ~! 5. Plugging this expression
for A back into the first row, we obtain

s=-Klcd= K_lc(cTK_lc)_lﬁ. (40)
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Fig. 9. Overview of homogenization results, part 1. From left to right: folded geometry snapshot, crease pattern with mountain-valley assignment in blue/red,
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Fig. 10. Overview of homogenization results, part 2. From left to right: folded geometry snapshot, crease pattern with mountain-valley assignment in blue/red,
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